Emphasizing the contribution of Professor Roger A Cowley, FRS to the Theory of Raman Scattering from crystals, the development of the Theory of Raman Scattering since 1928 has been briefly discussed. Some experimental studies of Strontium Titanate using Inelastic Neutron Scattering, Raman Scattering, Electro-paramagnetic resonance measurement and X-ray & Gamma Ray techniques has been briefly discussed.
Using Schwabl's semi-phenomenological theory for the soft mode and central peak, we have developed (a) a one-phonon Green's function exhibiting the three peaked structure and (b) a two phonon Green's function involving one hard mode under damped quasiharmonic phonon and one three peaked soft-mode phonon.
We have developed the pre-cursor order induced Raman scattering near the displacive phase transition in terms of Green's functions.
Using Group Theory, we have predicted the Raman-active modes in Strontium Titanate contributing to Critical Raman Scattering near hard-mode frequencies above and below critical temperature.
We have calculated the Critical Integrated Raman Scattering Intensity and the Twophonon Background Raman Scattering Intensity near hard-mode frequencies above and below the critical temperature.
The results show the same trends as observed in some of the experimental observations.
The Historical Perspective
The nature of the spectrum of light scattering from a crystal has been understood qualitatively ever since the discovery of the effect in 1928 by C. V. Raman. Raman scattering has been extensively studied for several years now and a vast quantity of both experimental and theoretical knowledge has been accumulated [1, 2, 3, 4, 5, 6, 7, 8] . Here, we discuss briefly only the development of the theory of Raman Scattering from crystals near displacive phase transition using Green's functions.
Semiclassical theory of Raman scattering has been discussed by Born and Huang [9, 10] The initial development of the theory of Raman Scattering has been reviewed by many authors. [11, 12, 13] An attempt to develop the theory was made by Loudon [14] . He assumed that the Raman scattering by phonons in a crystal occurs through a process in which the incident light excites a virtual electron-hole pair, which either creates or absorbs one phonon (or more) and then recombines, emitting the scattered photon. Using third order time dependent perturbation theory, he developed expressions for the polarizability tensor of the crystal. Based on this approach, Loudon made estimates of the Raman Cross section for diamond and zinc sulphide structures which were in order of magnitude agreement with the experimental observation. But detailed evaluation of the expressions requires knowledge of the electron-band structure and electron phonon coupling in the crystal which is not normally available. Another approach is the expansion technique of the Born and Bradburn [15] . In this approach it is assumed that the elements of the polarizability tensor can be expanded formally in the powers of the displacements of the atoms from their mean positions. This technique necessarily involves too many arbitrary parameters and assumptions.
Another attempt to develop the theory of Raman Scattering by phonons was by Cowley in 1964 [12] and later by Bruce and Cowley [19, 20, 13] . They developed the theory in terms of shell model concepts and used it to calculate the two phonon spectrum of alkali halides by assuming that the Raman scattering arises from non-linearity in the shell-core intra-ion interactions. Quite reasonable agreements with the experimental results in NaI and KBr were obtained. The results are considerably improved by using the breathing shell model [21, 22] .
It has been observed that inter-ionic non-linearities are far less important for describing Raman scattering than intra-ionic terms. Using this model, the two phonon Raman spectrum of SrTiO 3 in X(YY)Z configuration has been calculated by Stirling [23] . The results give the principal features of the experimental spectrum. Migoni et al. [24] have used a non-linear shell model to explain the second order Raman Scattering and temperature dependence of the ferroelectric soft-mode in the ABO 3 perovskites. They assume an anisotropy in the Oxygen polarizability. This implies that the strong Raman scattering and the behaviour of the ferro-electric soft-mode in the perovskites containing Oxygen originate from the universal anisotropic polarizability of oxygen. The calculations have been done for SrTiO 3 and KTaO 3 and fairly reasonable agreement has been obtained with the experimental results for A g and E g spectra. But the T 2g component of the Raman tensor vanishes identically in this model.
The method of linear response theory has also been applied for calculating the Raman Scatteirng cross sections [2] .
The theory of precursor order induced Raman scattering near displacive phase transitions has been developed by Bruce et al. [25] . Using Schwabl's theory of soft mode and central peak [26, 27] , we have developed the theory of Raman Scattering near displacive phase transitions in terms of Green's Functions and applied it to calculate the Critical Integrated Raman Scattering Intensity from SrTiO 3 near the cubic-tetragonal phase transition [10] . Our results are in close agreement with the experimental observations.
Theory of Raman Scattering near Displacive Phase Transitions
The Raman scattering of crystal is the inelastic scattering of light by the lattice vibrations of the crystal. The Raman tensor is given by [9, 10] 
where the letters have their usual meanings. The thermal average is taken over all the initial states ν . Using the Heisenberg representation for the operators and an integral representaton for the delta function, we get
where N is the number of unit cells in the crystal.
Since the Raman scattering arises from the change in the number of phonons in the crystal, we may expand the polarizability operators in the powers of phonon coordinates [9] . For a crystal which undergoes a structural phase transition, we write two expansions. We assume that the structural phase ransition takes place when the n-fold degenerate mode softens.
1. In the high-temperature phase
2. In the low-temperature phase
Q(qj) and Q(qj) are the Fourier co-ordinates describing the displacements of the atoms from their equilibrium positions above and below the critical temperature T c . The presence of the delta functions indicates the wave vector conservation. Some of the modes,which are not Raman-active in the high temperature phase, become Raman active below the low temperature phase. In order demonstrate this fact, Bruce et al. [25] derived a relation between P αβ q j and P αβ q j written as
This relation implies that a mode (qj), for which P αβ q j = 0 for T > T c , becomes raman active in the low temperature phase if q = q s and at least one of the coefficients
is non-zero. Following Bruce et al. [25] , Raman Tensor describing the twophonon Raman scattering (near hard-mode frequencies) involving the soft mode (q s j s ) in the high temperature phase is
For T < T c , the soft-mode correlation function may be written as
Defining A(qj, t) as
We get 1. In the high temperature phase
Eq. (9) describes the two-phonon Raman scattering in the high temperature phase involving the hard-modes (qj h ) which couple with the soft-mode (qj s ) whereas eq.(10) describes the equivalent one-phonon and two-phonon Raman Scattering in the low temperature phase. The first term of eq. (10) describes the one-phonon Raman scattering due to hard-modes which become Raman active in the low temperature phase.
Green's Functions for three peaked Soft-mode
Some properties of a crystal may be expressed in terms of thermodynamic Green's functions [28, 29, 30, 31] . A suitable approximation for the one-phonon Green's function is given by
In terms of Green's functuions, the spectral response function is given by [30] 
where O 1 and o 2 are appropriate operators. The one-phonon dynamical form factor is proportional to
It can be proved that in the limit γ 1 −→ 0,
Hence, we find that
Where A(qj,t) is the normal mode co-ordinate in the Heisenberg representation.
Schwabl's Theory for Soft-mode and Central-peak
In 1969, Tani [33] suggested that the soft-mode may develop a three-peaked structure. Later on Cowley [34] predicted the presence of a threepeaked function in the spectral response of a piezoelectric crystal. According to Cowley, the spectral response of a soft-mode is that of a damped simple harmonic oscillator coupled to some unknown internal degree of freedom. [25] .
A semi-phenomenological theory for the soft-mode and central peak has been developed by Schwabl [26, 27] which is based on Mori's theory of Brownian motion [35] . Accordign to this theory, the dynamic response function exhibing the three-peaked structure may be written as
where letters have their meanings [10] . S(q, Ω) has significant value only when the frequency transfer Ω is nearly equal to zero or ω ∞ . Therefore we may write
3.2 One-phonon Green's Function for three peaked Soft-mode ¿From Schwabl's theory, we find that the Green's function for three peaked soft-mode involving central peak is given by
Two-phonon Green's Function
The Two-phonon Green's function involving one hard-mode under-damped quasiharmonic phonon and one soft-mode phonon having three peaked structure is given by [32] 
.
where G 1 is the hard-mode phonon and G 2 is the soft-mode phonon having three-peaked structure. The sum over iω n may be evaluated using the techniques explained in [31] . After analytic continuation (i.e. iω n −→ Ω + iǫ) we get
In the limit (γ 1 + Γ c ) −→ 0 and (
Γ s + γ 1 ) −→ 0, the imaginary part of this Green's function is given by
The intensity of the two-phonon Raman Scattering involving the central peak contribution may be obtained from the first part of the above expression.
Thus the two-phonon spectral function involving one hard-mode phonon and one three peaked soft-mode phonon is given by
The Raman Tensor in terms of Green's Functions
Thus we find that in the high temperature phase, the Raman Tensor is given by
Similarly, in the low temperature, we obtain
5 Some Experimental Studies of Strontium Titanate
Crystal Structure of Strontium Titanate in the low temperature phase
The lattice dynamics of SrT iO 3 has been of great experimental and theoretical interest.
Inelastic neutron scattering methods have been extensively used to measure the phonon dispersion curves and to investigate the temperature dependence of the soft-mode frequencies [36, 37, 38, 23, 39] . Also, other techniques like Raman scattering [40, 41, 42] , electronparamagnetic resonance [43] measurements, X-ray andγ -ray scattering [44, 45] have been used to investigate the nature of structural phase transition in SrT iO 3 . It has been established that SrT iO 3 undergoes cubic to tetragonal phase transition at 110K. The transition temperature may differ slightly for different crystals. Shapiro et al. [39] quote the transition temperature to be 100K where as Muller and Berlinger [43] have indicated to be 105.5K.
A mechanism for this phase transition, based on an accidental degeneracy of the frequencies of two phonon branches in a wide q-range, was proposed by Cowley [36] . But for this model, no conclusive experimental evidence has been given. The generally accepted mechanism of this phase transition was suggested by Unoki and Sakudo [46] on the basis of their ESR measurements. They deduced the low temperature phase crystal structure from the atomic positions of the oxygen ions. The unit cell of this structure is √ 2aX √ 2aX2c and the space group is I4/mcm (D (ii) In the low temperature phase, the R-point becomes a reciprocal lattice point, the unit cell is doubled and there are additional excitations with wave vectors at the zone-centre.
(iii) As the temperature falls below T c , the frequencies of the two new zone-centre phonons( the progenitors of Γ 25 zone boundary phonon) increase.
This model was based on the following experimental evidence:
(i) Several sharp lines appear in the Raman spectrum of SrT iO 3 below the transition temperature [40, 42] .
(ii) As T −→ T c from below, the two zone-corner phonon frequenciesdefinitely soften [47] .
(iii) In the electric field induced Raman scattering experiments, it has been observed that the two zone-centre phonons interact directly with the components of the 'ferroelectric mode' [41, 49] .
Using the inelastic neutron scattering techniques, Shirane and Yamada [50] proved conclusively that this phase transition is caused by an instability in the Γ 25 zone-boundary mode.
The temperature dependence of the Soft-mode frequencies of Strontium Titanate
The temperature dependence of the Soft-mode frequencies of SrT iO 3 has been studied by neutron-scattering as well as Raman scattering techniques. In the cubic phase, the R 25 softmode has been studied by Cowley et al. [37] and Shapiro et al. [39] using inelastic neutron scattering methods. From the linear portions of the curve it is observed that
In the low temperature phase, Cowley [37] has studied the temperature dependance of the soft mode using neutron-scattering technique. Fleury et al. have studied the temperature dependence of both the components of the sof-mode using Raman scattering technique. Using temperature-derivative Raman spectroscopy, Yacoby et al. [51] have studied the γ 1 (A 1g ) component of the soft-mode below T c . Their measurements show that
5.3 Temperature-dependence of the static displacement of Oxygen atoms in Strontium Titanate in the low temperature phase
The phase transition in SrT iO 3 occurs when, in the cubic phase, alternate static rotations of nearly rigid T iO 6 octahedra take place around [100] axes.The temperature dependance of the rotation angle has been determined by Muller and Berlinger [43] using paramagnetic resonance ofF e 3+ ions substituted for T i 4+ in SrT iO 3 . From their measurements, it is found that the temperature dependence of the normal mode amplitude corresponding to the static displacements of oxygen atoms in the soft R 25 -mode is given by
where
The Central Peak
In the neutrino-scattering stydy of the soft-mode in SrT iO 3 , Riste et al. [52] , for the first time, observed a central component centred around ω = 0 and q = q R in addition to the phonon side bands centered around ω = ω ∞ . Shapiro et al. [39] reported Higher resolution neutron scattering studies of side bands and central component in SrT iO 3 and also observed central component in KMnF 3 .
The central component in SrT iO 3 first appears at 70K above T c and exhibits a critical divergence as T −→ T + c . The frequency of the side-bands first softens in accordance with the soft-mode theory but finally saturates a few degrees above T c . The frequency width of the central component is found to be less than the instrumental resolution of 5X10
10 Hz. In their high resolution neutron scattering study of central peak, Töpler et al. [53] observed no frequency broadening or wave vector broadening within the instrumental resolution. This central peak has also been studied by X-ray [44] and γ-ray [45] techniques with excellent energy resolution (3.6X10
6 Hz) but no frequency broadening has been observed. Also it has been established that it does not originate from the crystal surface only [54] .
5.5
The Raman Spectrum of Strontium Titanate
An early attempt to record the Raman spectrum of SrT iO 3 was made by Narayanan and Vedam [55] . They used λ 4358 of mercury as an axciter and observed 7 Raman lines, one of which was of low frequency. In the cubic structure of SrT iO 3 , there could be no first order Raman scattering. Narayan and Vedam interpreted six of these as a first order Raman spectrum arising from a small deviation of the cubic SrT iO 3 from its idealized symmetry. Neilsen and Skinner [40] have recorded the spectrum measured in the X(YY)Z configuration at various temperatures. They used an argon-ion laser as the exciting source and an intandem double grating spectrum to analyse the scattered light. At room temperature the spectrum was found to be second order. Below the phase transition at 110K, three sharp lines appeared in the spectrum which were interpreted to be due to the scattering from local modes rather than from polar tranverse optic modes.
Fleury and Worlock [41] have studied the electric field induced Raman scattering from the four TO phonons in SrT iO 3 at temperatures between 8K and 300K. They observed that the soft-mode frequency at 8K increases from 10 cm −1 at zero field to 45 cm −1 at 12 KV/cm. Migoni et al. [24] have recorded the three independent components of the second-order Raman spectra at 300K. An exhaustive study of the tetragonal phase of SrT iO 3 by Raman scattering has been reported by Taylor and Murray [42] . They observed the spectra from two samples of SrT iO 3 in the X(ZZ)Y and X(ZX)Y configuration above and below the structural phase transition. Argon and Krypton lasers were used to excite the spectra. The 90 0 scattered light was analysed by a computer controlled spectrometer. For the soft-mode spectrum, the spectral resolution was 1.8 cm −1 and for the rest of the spectra it was 2.5 cm −1 . It has been observed that in addition to the high intensity multi phonon continuum, the spectra shows four first order peaks. It is believed that the peaks at 142 cm −1 and 444 cm −1 arise from B 2g −E g pair of the modes and those at 171 cm −1 and 543 cm −1 , which were found to be sample dependent, result from impurity induced first order Raman scattering. contributing near
Group Theory
In Solid State Physics, Group Theory is applied to make use of the symmetry properties of a crystals [56, 57] . In the context of theory of Raman Scattering from crystals, Cowley has discussed [58] the application of Group theory for classifying normal modes of vibration of crystals and obtaining the selection Rulesfor one-phonon and two-phonon Raman Scattering.
Using Group Theory, it is possible to predict the number and symmetry of Raman active modes in a particular phase and to correlate these with equivalent modes of different species in the other phases. Lockwood and Torrie [59] have tabulated the branching rules for symmetry species of phonons at high symmetry points for a perovskite type crystal which undergoes a cubic-tetragonal and also a tetragonal-orthorhombic phase transition.
We predict the two-phonon Raman active combinations in the cubic phase contributing to the critical Raman scattering above T c near the hard-mode frequencies along with equivalent onephonon Raman active modes and two-phonon Raman active combinations in the tetragonal phase in SrT iO 3 as shown in Table 1 .
The R-point becomes the zone-centre point at the cubic-tetragonal phase transition in SrT iO 3 . The irreducible representations correspond to the Sr atom at the origin to be consistent with Cowley [12] . The character labeling system of Koster [60] has been followed.
Critical Integrated Raman Scattering Intensity
In eq.()and eq(), integration is performed over Ω using δ-functuins. The dominant contriburtion near T c is due to the central-peak and the hard-modes which appear in two-phonon Raman active combinations involving the soft mode above T c 
ω ∞ (q) and ω 0 (q) are related by
The sum over q is converted to an integral with a finite cut off Λ. For the soft-mode, anisotropic dispersion relation given by Stirling [23] has been used. 
n(ω(qj)) denotes the occupation number for the mode (qj) [31] .
Numerical Calculations
The numerical calculations have been performed for two-phonon background Raman scattering intensity (without central peak) and the Critical Integrated Raman Scattering Intensity for SrT iO 3 near the cubic-tetragonal phase transition [10] .
It has been assumed that Γ 1 soft-mode has similar three-peaked structure in the low temperature phase as the R 25 soft-mode. The anharmonic coupling constant δ is assumed to be temperature independent and equal to 0.1325 THz. The results are shown in Figs 1, 2 & 3.
Conclusions
For the first time, an attempt has been made to calculate the two-phonon background Raman Scattering Intensity and the Critical Integrated Raman Scattering Intensity near the cubictetragonal phase transition in SrT iO 3 .
Our results show the same trends as in the experimental observations of Riste et. al [61, 62] and E. Courtens [63, 64] .
We have been able to evaluate numerically only the diogonal Raman Tensor I XXXX . For evaluating the off-diagonal Raman Tensor the temperature dependence of Γ 5 (E g ) soft-mode is required. Similar calculations may be performed for the other isomorphs of SrT iO 3 .
